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The energy in the ghost-free massive gravity theory is calculated via explicitly
resolving the initial value constraints for spherically symmetric deformations of flat
space. It turns out that the energy is positive in some cases, but in other cases it can
be negative and even unbounded from below. This could suggest that ghost instability
is present. However, it seems that the negative energy states cannot communicate
with the positive energy sector since the corresponding solutions of the constraint
equations are either not globally defined, not asymptotically flat, or singular. As a
result, they cannot describe initial data for the decay of flat space. At the same time,
for globally regular and asymptotically flat solutions of the constraints the energy is
always found to be positive. All of this suggests that there is a physical sector of the
theory where the energy is positive and the ghost is suppressed, so that the theory
is stable. The negative energies show up only in disjoint sectors and thus should be
harmless.
PACS numbers: 04.20.Fy, 04.50.Kd, 11.27.+d, 98.80.Cq
2I. INTRODUCTION
The idea that gravitons could have a tiny mass, which would explain the current cosmic
acceleration [1], has attracted a lot of interest after the discovery of the special massive
gravity theory by de Rham, Gabadadze, and Tolley (dRGT) [2] (see [3] for a review). This
theory contains two Hamiltonian constraints which eliminate one propagating degree of
freedom (DOF), usually associated with the ghost [4] – an unphysical mode with a negative
kinetic energy rendering the theory unstable [5]. The remaining five DOFs behave well in
special limits; hence they are associated with the five polarizations of the massive graviton,
and the whole theory is referred to as ghost free.
At the same time, nothing guarantees that removing one DOF kills the ghost completely.
It may be that the remaining five DOFs are still contaminated with its remnant, suppressed
in some cases but present otherwise. Indeed, such a concern is supported by the observations
of certain ghost-type features in the theory [6].
A good way to see whether the theory is indeed ghost free is to compute the energy since,
if the energy is positive, the ghost is absent. The energy can be defined in the standard
way within the canonical approach [7], but to evaluate it requires resolving the constraints,
which are known, in general, only implicitly. Therefore, the aim of this work is to evaluate
the energy in the spherically symmetric sector (the s sector), where the constraints can be
obtained explicitly and, in some cases, resolved. The corresponding solutions can be viewed
as initial data for the Cauchy problem.
It turns out that the energy is positive in some cases, but in other cases it is negative
and unbounded from below. This could suggest that the ghost is still present in the theory.
However, a closer inspection reveals that the negative energy states form disjoint branches
that cannot communicate with the positive energy sector. Specifically, the corresponding
solutions of the constraint equations are either not globally defined, not asymptotically flat,
or singular. As a result, they cannot describe initial data for the decay of the flat space. At
the same time, for globally regular and asymptotically flat solutions of the constraints, the
energy is always found to be positive.
All of this suggests that there is a physical sector of the theory where the energy is positive
and the ghost is suppressed, so that the theory is stable. The negative energies show up
only in disjoint sectors, so they are harmless. This also suggests that the other seemingly
3unphysical properties of the theory, like superluminality [8], may perhaps show up only in
disjoint sectors, in which case they would be harmless as well.
II. MASSIVE GRAVITY
The theory is defined by the action
1
M2
Pl
S =
∫ √−g
(
1
2
R−m2 U
)
d4x ≡
∫
L d4x . (1)
For the generic massive gravity that reduces to the Fierz-Pauli (FP) theory [9] in the weak
field limit, the potential U is
U = 1
8
(HµνH
ν
µ − (Hµµ)2) + . . . (2)
Here Hµν = δ
µ
ν − gµαfαν , where gµν is the inverse of the spacetime metric, fµν is the flat
metric, and the dots denote terms which are higher order in Hµν and which can be arbitrary.
A particular choice of these terms determines the dRGT theory [2], in which case U can be
expressed as
U = b0 + b1
∑
a
λa + b2
∑
a<b
λaλb
+ b3
∑
a<b<c
λaλbλc + b4 λ0λ1λ2λ3 . (3)
Here λa are eigenvalues of γ
µ
ν =
√
gµαfαν , with the square root understood in the sense
that γµαγ
α
ν = g
µαfαν . If the bare cosmological term is absent, the flat space is a solution
of the theory, and m in (1) is the FP mass of the graviton in the weak field limit, then
the parameters bk are expressed in terms of two arbitrary c3, c4 as b0 = 4c3 + c4 − 6, b1 =
3− 3c3 − c4, b2 = 2c3 + c4 − 1, b3 = −c3 − c4, and b4 = c4.
III. HAMILTONIAN IN THE S SECTOR
Assuming the spherical coordinates xµ = (t, r, ϑ, ϕ), the two metrics can be parametrized
as
ds2g = −N2dt2 +
1
∆2
(dr + β dt)2 +R2 (dϑ2 + sin2 ϑdϕ2),
ds2f = −dt2 + dr2 + r2 (dϑ2 + sin2 ϑdϕ2), (4)
4where N, β,∆, and R depend on t and r. Defining the canonical momenta p∆ = ∂L/∂∆˙
and pR = ∂L/∂R˙ and introducing V = √−g U , the Hamiltonian density is
H = ∆˙pi∆ + R˙piR − L = NH0 + βHr +m2V, (5)
where the total derivative has been omitted, and
H0 = ∆
3
4R2
p2∆ +
∆2
2R
p∆pR +∆R
′2 + 2R(∆R′)′ − 1
∆
,
Hr = ∆p′∆ + 2∆′p∆ +R′pR . (6)
These expressions were studied previously in [10]. The phase space is spanned by four
variables (qi, pk) ≡ {∆, R, p∆, pR}, while N and β are nondynamical since their momenta
vanish.
General Relativity is recovered for m = 0, in which case varying H with respect to
N and β gives 2 constraints: H0 = 0 and Hr = 0. They are first class and generate
diffeomorphisms, which can be used to impose two gauge conditions. As a result, there
remain 4 − 2 − 2 = 0 independent phase space variables; therefore there is no dynamics in
the s sector (the Birkhoff theorem). The energy vanishes on the constraint surface (up to
the surface term [11]).
If m 6= 0, then varying H with respect to N and β gives
H0 +m2 ∂V
∂N
= 0, Hr +m2∂V
∂β
= 0. (7)
For the generic potential (2), these relations can be resolved to express N and β in terms
of (qi, pk). No constraints then arise, so that all four phase space variables are independent
and they describe two DOFs. One of them can be interpreted as the scalar polarization
of the massive graviton, while the second one must be the ghost. Inserting N(qi, pk) and
β(qi, pk) into H, the result is not positive definite. In particular, the kinetic part of the
energy associated with the momenta can be negative and arbitrarily large, which produces
ghost instability [5].
In the dRGT theory, one has
V = NR
2P0
∆
+
R2P1
∆
√
(∆N + 1)2 − β2 +R2P2 , (8)
with Pn = bn+2bn+1 r/R+ bn+2 r
2/R2. The second relation in (7) then determines the shift
β,
β = (N∆+ 1)
∆Hr
Y
, (9)
5where Y ≡ √(∆Hr)2 + (m2R2P1)2 . Inserting this into the first relation in (7) does not,
however, determine the lapse N , but gives a constraint,
C ≡ H0 + Y +m2R
2P0
∆
= 0. (10)
Inserting (9) into (5) yields H = E +NC, with
E = Y
∆
+m2R2P2 , (11)
so that varying H with respect to N reproduces the constraint equation C = 0 once again.
Since the constraint should be preserved in time, its Poisson bracket {, }PB [4] with the
HamiltonianH =
∫
∞
0
H dr should vanish. One can check that {C(r1), C(r2)}PB = 0; therefore
S ≡ {C, H}PB = 0 is a new constraint since the term proportional to N drops out of the
bracket. Explicitly,
S = m
4R2P 21
2Y
(∆p∆ +RpR)− Y
(
∆Hr
Y
)
′
− ∆
2p∆
2R
{
m4
2∆Y
∂R(R
4P 21 ) +m
2∂R(R
2P2)
}
− m
2Hr
Y
{
∆2
(
R2P2
)
′
+R2∂r(P0 −∆2P2)
}
, (12)
where ′ ≡ d/dr and ∂R and ∂r are the partial derivatives with respect to R and r. It
is worth noting that the two constraints have been known up to now only implicitly [4],
whereas Eqs.(10) and (12) provide explicit expressions for any values of the parameters bk.
Requiring further that {S, H}PB = 0 yields an equation for N because {C,S}PB 6= 0, the
term containing N does not drop out.
Since the constraints are second class, they remove one of the two DOFs in the s sector.
It is not immediately obvious which one is removed, but if the energy is positive, it follows
that it is the ghost which is removed.
The energy is E =
∫
∞
0
E dr , where the arguments of E should fulfill two constraint
equations: C = 0 and S = 0. These are nonlinear differential equations whose solutions
∆, R, p∆, and pR can be viewed as initial data for the Cauchy problem at the moment t = 0.
These equations are complicated, but they simplify in some cases.
6IV. WEAK FIELD LIMIT
In flat space, where N = ∆ = 1, R = r, and β = p∆ = pR = 0, one has C = S = E = 0.
If deviations from flat space are small, then C = CFP + . . . and S = SFP + . . . (where the
dots denote higher order terms), while the leading terms are, with δ ≡ ∆−1 and ρ ≡ R− r,
CFP = (2r(δ + ρ′))′ +m2(r2δ − 2rρ),
SFP = m
2
2
(rpR − p∆)− (p′∆ + pR)′. (13)
If ν ≡ N − 1, then H = EFP+ ν CFP+ . . ., where EFP is the leading (up to a total derivative)
part of E + C,
EFP = p
2
∆
4r2
+
p∆pR
2r
+
(p′∆ + pR)
2
m2r2
+ 2ρ δ′ − ρ′2 − δ2 +m2(2rδρ− ρ2). (14)
These are the FP constraints and the energy density. The constraints are solved by
δ = −ρ′ + Q
′
r2
, ρ =
Q
r2
+
2Q′
m2r3
,
pR = −p′∆ +
F ′
r
, p∆ =
F
r
− 2F
′
m2r2
(15)
for arbitrary Q(r) and F (r). Inserting this into (14) gives
EFP = 3
r4
(
Q′2 +m2Q2 +
F 2
4
)
+ (. . .)′ . (16)
Since the fields should be weak, all of the above functions should be bounded, which imposes
certain fall-off conditions on Q and F at the origin and at infinity. These conditions imply
that the total derivative term in (16) vanishes upon integration; therefore the energy is
positive.
V. MOMENTUM SECTOR
Let us assume that the three-metric is flat, so that ∆ = 1 and R = r, while the momenta
p∆ and pR are not necessarily small and satisfy the two constraint equations (10) and (12).
Introducing the dimensionless radial coordinate x = mr with ′ ≡ d/dx, expressing the two
momenta in terms of two new function, z and f , as
p∆ =
√
xz
m
, pR = −(xz + 4x
4f)
2x
√
xz
, (17)
7the constraints reduce to two equations,
z′ = 4 x2f + 2x
√
xz F , (18)
f ′ =
4 (1− c3) zf − 4x3f − 3z
4x
√
xz
F − 2
x
F 2 ,
with F = ±√f(f + 2), while the energy density E = x2f . Since F 2 = f(f + 2) ≥ 0, this
implies that either one has f ≥ 0 or f ≤ −2, which determines two different solution branches
whose energy is either non-negative or strictly negative. There can be no interpolation
between the branches, since this would require crossing the region of forbidden values of f .
A simple solution from the first branch is f = 0 and z = z0, whose energy is zero. It
reduces to the flat space configuration for z0 = 0. If the solutions of Eq.(18) are to describe
initial values for perturbations around flat space, then they should correspond to smooth
deformations of the latter, and this selects the f ≥ 0 branch. Therefore, the energy for
perturbations around flat space is positive.
A simple solution from the second branch is f = −2 and z = 8
3
(x3max − x3), where xmax
is an integration constant. Since z should be positive, the solution exists only for x ≤ xmax,
with the total energy E =
∫ E dr = − 2
3m
x3max. One can construct more general negative
energy solutions of Eq.(18) numerically. They exist only within finite intervals of x at whose
ends one has either f → −∞ or z → 0. Such solutions cannot describe regular initial data
and they belong to the disjoint from flat space branch.
Summarizing, the energy of smooth excitations over the flat space is positive. It can also
be negative, but only in a sector disconnected from flat space; therefore this cannot lead to
the ghost instability of the latter.
VI. METRIC SECTOR
Let us now set the momenta to zero, p∆ = pR = 0, without fixing ∆ and R. This solves
the second constraint, S = 0. Denoting h = R/r and g = ∆h, using again x = mr with
′ ≡ d/dx, and setting c3 = c4 = 0 for simplicity, the first constraint reduces to
h′′ +
2
x
h′ − h
′2
2h
+
(xh)′g′
xg
− h(1− g
2)
2x2g2
− h(2− 3h)
2g
− h(1− 6h+ 6h
2)
2g2
= 0, (19)
8and the energy density
E = x
2h2(3h− g − 2)
g
. (20)
The constraint is solved by setting g = qh/(xh)′ and
Q = xh(1 − q2) + x3h(h− 1)(2h− 1),
Q′ = x2h(q − 1)(3h− 2), (21)
with any Q(x). Having chosen Q, these algebraic equations can be resolved with respect
to h and q. Even though the second constraint is trivially satisfied, its stability condition,
{S, H}PB = 0, is nontrivial, AN − B = 0 , with
A = q(α1 + α2) + 2(q − 1)2(27h2 − 18h+ 4)(xh)′
− 6x2h(3h− 1)(3h− 2)(4h− 3)(xh)′, (22)
B = (α2 − α1)(xh)′ + 8h2q(q − 1)2 + 6h2x2q(3h− 2)2 ,
where α1 = 3x
2h(3h − 2)(13h2 − 12h + 2) and α2 = 2h(q − 1)2(9h − 2). Thus the lapse
function is N = B/A, while the shift function obtained from Eq.(9) is β = 0.
The three-metric will be regular and asymptotically flat if h and q are smooth and fulfill
the boundary conditions
h0 ← h→ 1, 1← q → 1 for 0← x→∞, (23)
with h0 > 0. The simplest solutions of the constraint are obtained by setting in (21) Q = 0,
which implies that q = 1, but yields two different solutions for h:
h(x) =
{
1,
1
2
}
⇒ E(x) =
{
0,−3
8
x2
}
. (24)
These fulfill also the Hamilton equations, q˙k = {qk, H}PB = 0 and p˙k = {pk, H}PB = 0, and
give rise to two different branches of more general solutions of the constraint.
A. Normal branch
For the h = 1 solution in (24), one has N = 1, so that the four-metric is flat, ds2g = ds
2
f ,
and the energy is zero. For deformations of this solution, one has h = h0 + O(x2) and
q = 1+O(x2) for small x, in which case Eqs.(19) and (21) require that Q = kr5+O(x7) with
9k = 0.1×h0(2h0−1)(h0−1)(3h0−2). This suggests that one can choose Q = kr5/(1+Ax2ex),
and resolving Eq.(21) with respect to h and q then gives the global solutions shown in Fig.1.
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Figure 1. Profiles of h, q,N , and E(x) for the positive energy solutions with Q = kr5/(1 + x2ex).
These solutions are smooth and globally regular; they describe initial metric deformations
of flat space. Interestingly, the energy (expressed in 1/m units) contained in the sphere or
radius x, E(x) =
∫ x
0
E dx, can be negative for small x (if h0 < 1), but the total energy E(∞)
is always positive and grows when |h0 − 1| increases. As a result, the energy is positive for
smooth, asymptotically flat fields, so that the positivity of their energy in the weak field
limit holds in the fully nonlinear theory as well.
B. Tachyon branch
For the h = 1
2
solution in (24), one has N = 1
2
, so that the metrics are proportional,
ds2g =
1
4
ds2f . Even though they are both flat, this solution is quite different from flat
space since one now has E(x) = −x3/8, which corresponds to the constant negative energy
density. The total energy is negative and infinite. Considering small fluctuations around this
background, the corresponding Fierz-Pauli mass is m2FP = −12 m2 [as is seen by linearizing
the constraints and comparing with (13)], hence gravitons become tachyons, which can be
viewed as an indication of the presence of the ghost.
One can also construct more general solutions of this type by setting in (23) h0 ≈ 12 , in
which case h(x)→ 1
2
as x→∞. The energy is always negative and infinite. However, none
of these solutions fulfill the boundary condition (23). Since they are not asymptotically flat,
10
they cannot affect the stability of flat space.
C. Tachyon bubbles
There are also asymptotically flat solutions whose energy is finite and negative. They
can be obtained by choosing in (21) Q = AΘ(x − x0)(x − x0)pe−x, where Θ(x) is the step
function. This enforces for h a kink-type behavior, so that h = 1
2
for x < x0, but h increases
for x > x0 and approaches unity as x → ∞ (see Fig.2). Solutions thus approach the flat
space at infinity, but they contain a bubble of the tachyon phase in a finite region. If x0 is
large, then the energy E ∝ −x30 (see Fig.2). The existence of such solutions is embarrassing,
since it suggests that the flat space could be unstable with respect to decay into bubbles.
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Figure 2. Profiles of h (thick line), ln(q), N , and E(x) for the tachyon bubble solution with
Q = −Θ(x− 3)(x− 3)8e−x.
However, a closer inspection reveals that the lapse function N for the bubbles is singular.
Indeed, one has N = B/A, but both A and B have opposite signs for h = 1
2
and h = 1; hence
they vanish at least once as h interpolates between 1
2
and 1. One can show that they cannot
vanish simultaneously; therefore N must have at least one zero and a pole, as shown in Fig.2.
Since N enters the Hamilton equations p˙k = {pk, H}PB, the time derivative of the momenta
diverges where N has pole(s). Therefore, the bubble solutions do not describe regular initial
data, so that they cannot provoke instability of flat space. The tachyon bubbles can be
obtained also for other values of the theory parameters c3 and c4, but their lapse function
N is always found to be singular.
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VII. STABILITY OF THE THEORY
To recapitulate, the above results indicate that the energy in the dRGT theory is positive
for globally regular and asymptotically flat fields. The energy can also be negative and even
unbounded from below, but in all studied cases the corresponding solutions are found to be
either not asymptotically flat or not global or singular. They cannot describe initial data
for a decay of the flat space. Therefore, one is bound to conclude that there is evidence for
the stability of flat space, despite the existence of the negative energies.
One can provide the following interpretation. Globally regular and asymptotically flat
fields constitute the “physical sector” of the theory where the energy is positive and the
ghost is absent/bound. One may hope that a positive energy theorem can be proven in
this case. As for the negative energy states, they belong to disjoint sectors and cannot
communicate with the physical sectors since they are singular. Therefore, even though the
negative energies can be viewed as an unphysical feature, they are harmless because they
decouple.
One may wonder if these classical arguments could be extended to show that the physical
sector is protected against quantum corrections. Let us estimate the height of the poten-
tial barrier between the different sectors. This can be done by computing the energy for
interpolating sequences of fields. For example, fields which fulfill the constraint and satisfy
the boundary conditions (23) will interpolate between the normal and tachyon branches
when the parameter h0 in (23) decreases from 1 to 1/2. It turns out that when h0 starts
decreasing, the energy rapidly grows, since the function g in the denominator in (20) devel-
ops a minimum (the lapse function N then typically shows several poles). As h0 continues
to decrease, the energy passes through a simple pole and then approaches a finite negative
value when h0 tends to 1/2. Therefore, the potential barrier between the two branches is
infinitely high.
However, it is still possible that the barrier height could be made finite via minimizing
the energy with respect to the function Q(x) in (21). Let us suppose that the minimal
barrier height indeed has a finite value, Eb > 0. This value cannot be arbitrarily small,
since when one starts deviating from flat space the energy grows, because the Fierz-Pauli
energy is positive. Therefore, the energy can show a maximum and start decreasing only
when the nonlinear effects become essential, but by this moment it should already assume a
12
finite value. The dimensionful energy is obtained by dividing by the graviton mass, Eb/m,
and since m is extremely small, the energy will be extremely large, of the order of the total
energy contained in our Universe. As a result, even if the potential barrier between different
sectors was finite, it would be cosmologically large, implying that the physical sector should
actually be stable both classically and quantum mechanically.
It is also worth noting that within the bigravity generalization of the dRGT theory where
both metrics are dynamical [12], the tachyon vacuum in (24) is no longer a solution, as it
does not fulfill the equations for the second metric. Therefore, since there are less negative
energy solutions, it seems that the positivity of the energy should be easier to demonstrate
when both metrics are dynamical. Similarly, including a matter source should also have a
stabilizing effect since the energy of the physical matter is expected to be positive.
The decoupling of the negative energies suggests that the other seemingly unphysical
features of the dRGT theory, such as the superluminality [8], may also decouple. In fact,
it has not been shown that the superluminality should inevitably develop starting from any
smooth initial data. On the contrary, one could expect different unphysical features to come
up together, so that superluminal fields can be expected to have negative energies. But then
they should decouple. Although not a proof, this indicates that the superluminality could
perhaps relate only to the unphysical sectors, in which case it would be harmless.
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